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In this supplementary material, we start in the �rst
section by calculating the Green's functions for strati-
�ed media. In the next section, the expressions for the
Green's functions are generalized for periodic structures.
Using those Green's functions, the thermal transfer is
calculated in such structures.

Green's functions for strati�ed media:

For the calculation of thermal transfer, we need to cal-
culate the Green's functions which determine the pro-
duced electromagnetic �elds in one object (say object 1)
that result from current sources in the other object (say
object 2). For strati�ed media composed of a stack of
di�erent layers (See Fig. S1a), the contribution of an in-

�nitesimal current ~J (kx, ky) dz
′ to the total electric �eld

produced by it at its own position, denoted by z′ in object
2, is given by:

−−−→
dEinc (z

′) =
−ωµ0

2kz
(p̂2+p̂2+ + ŝŝ) · ~Jdz′ (S1)

where p̂2+ and ŝ refers to the P and S polarization
directions for a wave with transverse wave-vector com-
ponents of kx, ky. Note that + sign denotes the wave
with the wave-vector direction from object 2 toward ob-
ject 1. From the transfer matrix method, the electric �eld
produced by that element in a location di�erent from its
own location, denoted by z in material 1, is given by:

−−−→
dEinc (z) =

−ωµ0

2kz
(tp21p̂1+p̂2+ + ts21ŝŝ) · ~Jdz′ (S2)

where p̂1+ refers to P polarization direction in object
1, and ts21 and t

p
21 refers to transmission coe�cients from

z′ to z, for S and P polarizations, respectively.
Accordingly, the dyadic Green's function is given

through the following expression:

←→
G (z, z′) =

−ωµ0

2kz
(tp21p̂1+p̂2+ + ts21ŝŝ) (S3)

This exactly follows Sipe's derivation for the Green's
function.
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Figure S1: Schematic of (a) planar structured materials
and (b) a planar and an arbitrary shaped periodic

structure (This is the same �gure as Fig. 1 in the main
manuscript)

In the simple case of a slab adjacent to air, this formal-
ism can be simpli�ed further. In this case, we assume the
boundary between them is located at z = 0 and the ob-
servation point be located inside air at z = 0. Moreover,
we assume that a current source to be located inside the
slab at a distance z′ from the object's surface.

Denoting the transversal wave vector by ββ̂ = kxx̂ +
ky ŷ, the total wave vector in the air and slab can be
expressed as:

~k1 = ββ̂ + kzv ẑ (S4)

~k2 = ββ̂ + kz ẑ (S5)

Also the S and P polarization directions can be ex-
pressed as:

p̂1+ =
c

ω

(
βẑ − kzvβ̂

)
(S6)

p̂2+ =
c√
εω

(
βẑ − kzβ̂

)
(S7)

ŝ = β̂ × ẑ (S8)

Moreover in this case, tp21 and ts21 are simple Fresnel
coe�cients:

tp21 =
2
√
εkz

kz + εkzv
e−ikzz

′
(S9)

ts21 =
2kz

kz + kzv
e−ikzz

′
(S10)
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So the dyadic Green's function can easily be derived
as:

←→
G = − µ0c

2e−ikzz
′

ω (kz + εkzv)

(
βẑ − kzvβ̂

)(
βẑ − kzβ̂

)
− µ0ωe

−ikzz′

kz + kzv

(
β̂ × ẑ

)(
β̂ × ẑ

)
(S11)

with the following components:

←→
G =


−k2x
ωε0β2

kzvkze
−ikzz′

kz+εkzv
− ωµ0

β2

k2ye
−ikzz′

kz+kzv

−kxky
ωε0β2

kzvkze
−ikzz′

kz+εkzv
+ ωµ0

β2

kxkye
−ikzz′

kz+kzv
1
ωε0

kzvkxe
−ikzz′

kz+εkzv
−kykx
ωε0β2

kzvkze
−ikzz′

kz+εkzv
+ ωµ0

β2

kxkye
−ikzz′

kz+kzv

−k2y
ωε0β2

kzvkze
−ikzz′

kz+εkzv
− ωµ0

β2

k2xe
−ikzz′

kz+kzv
1
ωε0

kykzve
−ikzz′

kz+εkzv

1
ωε0

kxkze
−ikzz′

kz+εkzv
1
ωε0

kykze
−ikzz′

kz+εkzv

−β2

ωε0
e−ikzz′

kz+εkzv

 (S12)

These components become the more known results
if ky is assumed to be zero, as shown for instance in
referenceS1:

←→
G =

1

ωε0

×


−kzvkze−ikzz′

kz+εkzv
0 kzvkxe

−ikzz′

kz+εkzv

0 −ω2µ0ε0e
−ikzz′

kz+kzv
0

kxkze
−ikzz′

kz+εkzv
0

−k2xe
−ikzz′

kz+εkzv

 (S13)

It is clear that these results can be easily generalized
to more complicated planar structures by deriving more
general expressions for the Fresnel coe�cients.

Generalization of the Green's functions to periodic

structures:

In the general case of periodic structures (See Fig.
S1b), we have:

←→
GE

(
ω, x, y, z, ββ̂, z′

)
=

− ωµ0

2kz

−−−→
ResE

(
ω, x, y, z, ββ̂, z′, p̂2+

)
p̂2+

− ωµ0

2kz

−−−→
ResE

(
ω, x, y, z, ββ̂, z′, ŝ

)
ŝ (S14)

where
−−−→
ResE

(
ω, x, y, z, ββ̂, z′, p̂2+

)
and

−−−→
ResE

(
ω, x, y, z, ββ̂, z′, ŝ

)
are electric �eld responses at

position x, y, z to the P and S polarized incident plane

wave with transversal wave-vector ββ̂ and unity electric
�eld amplitude at position z′ and angular frequency ω.
This is the modi�ed version of Sipe's formalismS2.
Similarly, for the magnetic �eld, the following Green's

function is de�ned:

←→
GH

(
ω, x, y, z, ββ̂, z′

)
=

− ωµ0

2kz

−−−→
ResH

(
ω, x, y, z, ββ̂, z′, p̂2+

)
p̂2+

− ωµ0

2kz

−−−→
ResH

(
ω, x, y, z, ββ̂, z′, ŝ

)
ŝ (S15)

where
−−−→
ResH

(
ω, x, y, z, ββ̂, z′, p̂2+

)
and

−−−→
ResH

(
ω, x, y, z, ββ̂, z′, ŝ

)
are magnetic �eld responses

at position x, y, z to the P and S polarized incident

plane wave, again with transversal wave vector ββ̂ and
unity electric �eld amplitude at position z′ and angular
frequency of ω.

From these, in the general case of periodic struc-

tures, for the current density of ~J
(
ω, k′x, k

′
y, z
′) =

~J (ω, kx, ky, z0) δ (k
′
x − kx) δ

(
k′y − ky

)
δ (z′ − z0), the

generated electric and magnetic �eld components at
position x, y, and z = 0 are given by:

−→
Ea (ω, x, y, z = 0, kx, ky, z0) =

−ωµ0

2kz
e−ikz(kx,ky)z0

×
∑
b

((−−−→
ResE

(
ω, x, y, z = 0, ββ̂, z′ = 0, p̂2+

)
p̂2+

+
−−−→
ResE

(
ω, x, y, z = 0, ββ̂, z′ = 0, ŝ

)
ŝ

)
ab

× ~Jb (ω, kx, ky, z0) (S16)



3

−→
Ha (ω, x, y, z = 0, kx, ky, z0) =

−ωµ0

2kz
e−ikz(kx,ky)z0

×
∑
b

(
−−−→
ResH

(
ω, x, y, z = 0, ββ̂, z′ = 0, p̂2+

)
p̂2+

+
−−−→
ResH

(
ω, x, y, z = 0, ββ̂, z′ = 0, ŝ

)
ŝ

)
ab

× ~Jb (ω, kx, ky, z0) (S17)

We assumed the z direction to be toward the substrate
and normal to its plane. The convention used for the x
direction is also shown in Fig. S1b. In the above equa-
tions, z = 0 is chosen as the place of the substrate. In
fact for a periodic material with in�nite thickness, we are
interested only in the calculation of electromagnetic �elds
in this location; since by knowing the transverse compo-

nents of ~E and ~H �eld in this plane, we can calculate
the Poynting vector which determines the heat transfer.
This plane is shown with the bottom dashed line in Fig.
S1b.
For simpli�cation of the later equations, we de�ne−→

GaE (ω, x, y, z, kx, ky) and
−→
GaH (ω, x, y, z, kx, ky) as the fol-

lowing:

−→
GaE (ω, x, y, z, kx, ky) ,

−ωµ0

2kz

×
∑
b

(−−−→
ResE

(
ω, x, y, z, ββ̂, z′ = 0, p̂2+

)
p̂2+

+
−−−→
ResE

(
ω, x, y, z, ββ̂, z′ = 0, ŝ

)
ŝ
)
ba
êb (S18)

−→
GaH (ω, x, y, z, kx, ky) ,

−ωµ0

2kz

×
∑
b

(−−−→
ResH

(
ω, x, y, z, ββ̂, z′ = 0, p̂2+

)
p̂2+

+
−−−→
ResH

(
ω, x, y, z, ββ̂, z′ = 0, ŝ

)
ŝ
)
ba
êb (S19)

where êb is the unity vector in direction b, which takes
on the unity vectors in x, y, and z directions in the sum-
mation. These are the electric and magnetic �elds at
position x, y, and z, produced by the unity component

a of the current density at z′ = 0. Note that
−−−→
ResE and−−−→

ResH are the electromagnetic responses of the system
that can be obtained through the RCWA method. Con-

sequently,
−→
GaE (ω, x, y, z, kx, ky) and

−→
GaH (ω, x, y, z, kx, ky)

can be calculated directly from the RCWA method, as
well.
Therefore, for a general current density distribution

~J (ω, x0, y0, z0) in the substrate material, we can write ~E

and ~H at position x, y = 0, and z = 0, in the following
general form:

−→
E (x, y = 0, z = 0, t) =

1

(2π)
3

ˆ +∞

ω=0

dωeiωt
ˆ

~dr0

×
∑
a

ˆ +∞

ky=−∞

ˆ +∞

kx=−∞
dkxdkye

−ikxx0−ikyy0−ikz(kx,ky)z0

×
−→
GaE (ω, x, y = 0, z = 0, kx, ky)

× ~Ja (ω, x0, y0, z0) + c.c. (S20)

−→
H (x, y = 0, z = 0, t) =

1

(2π)
3

ˆ +∞

ω=0

dωeiωt
ˆ

~dr0

×
∑
b

ˆ +∞

ky=−∞

ˆ +∞

kx=−∞
dkxdkye

−ikxx0−ikyy0−ikz(kx,ky)z0

×
−→
GbH (ω, x, y = 0, z = 0, kx, ky)

× ~Jb (ω, x0, y0, z0) + c.c. (S21)

where a, b denotes the three possible components of the

current density, and
−→
GaE (ω, x, y = 0, z = 0, kx, ky) and

−→
GbH (ω, x, y = 0, z = 0, kx, ky), are de�ned in the above.
Also c.c. refers to complex conjugate.
According to the above equations, the following ex-

pression for the Poynting vector is found:

−→
P (x, y = 0, z = 0) =

1

(2π)
6

∑
a,b

ˆ +∞

ω=0

ˆ +∞

ω′=0

dω′dω

× ei(ω−ω
′)t
ˆ ˆ

~dr0 ~dr′0

〈
~Ja (ω, ~r0) ~J

∗
b

(
ω′, ~r′0

)〉
×
ˆ +∞

k′y=−∞

ˆ +∞

k′x=−∞

ˆ +∞

ky=−∞

ˆ +∞

kx=−∞
dkxdkydk

′
xdk
′
y

×
(−→
GaE (ω, x, y = 0, z = 0, kx, ky)

×
−−→
Gb∗H

(
ω′, x, y = 0, z = 0, k′x, k

′
y

) )
× e−ikxx0−ikyy0−ikzz0+ik′xx

′
0+ik

′
yy
′
0+ik

′∗
z z
′
0 + c.c. (S22)

Random thermal motions of charges inside a mate-
rial generate �uctuating current densities. These cur-
rent densities, for a material that is in the thermody-
namic equilibrium at temperature T , obey the follow-
ing correlation relation known as �uctuation dissipation
theoremS3,S4:

〈
~Ja (ω, ~r0) ~J

∗
b

(
ω′, ~r′0

)〉
= 4πε0ε

′′ (ω) ~ω2

×
(
e~ω/kbT − 1

)−1
δabδ (ω − ω′) δ

(
~r0 − ~r′0

)
(S23)

After making a simpli�cation using the �uctuation dis-
sipation theorem, we have:
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−→
P (x, y = 0, z = 0) =

1

16π5

∑
a

ˆ +∞

ω=0

dω

ˆ
~dr0ε0

× ε′′ (ω) ~ω2
(
e~ω/kbT − 1

)−1
×
ˆ +∞

k′y=−∞

ˆ +∞

k′x=−∞

ˆ +∞

ky=−∞

ˆ +∞

kx=−∞
dkxdkydk

′
xdk
′
y

×
(−→
GaE (ω, x, y = 0, z = 0, kx, ky)

×
−−→
Ga∗H

(
ω, x, y = 0, z = 0, k′x, k

′
y

) )
× ei(k

′
x−kx)x0+i(k′y−ky)y0ei(k

′∗
z −kz)z0 + c.c. (S24)

after interchanging the order of integrations, we arrive
at:

−→
P (x, y = 0, z = 0) =

1

16π5

∑
a

ˆ +∞

ω=0

dωε0ε
′′ (ω)

×
ˆ +∞

k′y=−∞

ˆ +∞

k′x=−∞

ˆ +∞

ky=−∞

ˆ +∞

kx=−∞
dkxdkydk

′
xdk
′
y

×
(−→
GaE (ω, x, y = 0, z = 0, kx, ky)

×
−−→
Ga∗H

(
ω, x, y = 0, z = 0, k′x, k

′
y

) )
× ~ω2

ˆ ∞
z0=0

ˆ ∞
y0=−∞

ˆ ∞
x0=−∞

dx0dy0dz0e
i(k′∗z −kz)z0

× ei(k
′
x−kx)x0+i(k′y−ky)y0

(
e~ω/kbT − 1

)−1
+ c.c. (S25)

which reduces to:

−→
P (x, y = 0, z = 0) =

1

4π3

∑
a

ˆ +∞

ω=0

dωε0ε
′′ (ω)

×
ˆ +∞

k′y=−∞

ˆ +∞

k′x=−∞

ˆ +∞

ky=−∞

ˆ +∞

kx=−∞
dkxdkydk

′
xdk
′
y

×
(−→
GaE (ω, x, y = 0, z = 0, kx, ky)

×
−−→
Ga∗H (ω, x, y = 0, z = 0, kx, ky)

)
× ~ω2

(
e~ω/kbT − 1

)−1
δ (kx − k′x) δ

(
ky − k′y

)
×
ˆ ∞
z0=0

ei(k
′∗
z −kz)z0dz0 + c.c. (S26)

Finally we obtain that:

−→
P (z = 0, y = 0, x) =

1

4π3

∑
a

ˆ +∞

ω=0

dωε0ε
′′ (ω) ~ω2

×
(
e~ω/kbT − 1

)−1 ˆ +∞

ky=−∞

ˆ +∞

kx=−∞
dkxdky

× 1

Im (kz)
<
{(−→
GaE (ω, x, y = 0, z = 0, kx, ky)

×
−−→
Ga∗H (ω, x, y = 0, z = 0, kx, ky)

)}
(S27)

If the periodic material has in�nite extent, the z com-
ponent of this quantity measures the total thermal trans-
fer. However, if as denoted in Fig. S1b, the periodic
material has a �nite height, the Poynting vector at the
top dashed line should also be calculated. We assume
that the top dashed line be located at z = −h. Ther-
mal transfer in this case is the di�erence of these two
contributions. Moreover, thermal conductance can be
obtained from thermal transfer through di�erentiating
with respect to temperature:

Stotal(x) =
1

4π3

∑
a

ˆ +∞

ω=0

dωε0ε
′′ (ω)

(
e~ω/kbT − 1

)−2
×
ˆ +∞

ky=−∞

ˆ +∞

kx=−∞
dkxdky

e~ω/kbT

Im (kz)

~2ω3

kbT 2

×<
{(−→
GaE (ω, x, y = 0, z = 0, kx, ky)

×
−−→
Ga∗H (ω, x, y = 0, z = 0, kx, ky)

−
−→
GaE (ω, x, y = 0, z = −h, kx, ky)

×
−−→
Ga∗H (ω, x, y = 0, z = −h, kx, ky)

)
z

}
(S28)

In fact, what is measured as the total heat conductance
is the average of the above function across a period, which
we show here with the same symbol:

Stotal =
1

P

ˆ P

x=0

Stotal (x) dx (S29)
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